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The  s t a b i l i t y  of s t a t i o n a r y  convec t i ve  flow of a non -Newton ian  f lu id  to s m a l l  p e r t u r b a t i o n s ,  such  
a s  t r a v e l i n g  t h e r m a l  w a v e s ,  is i n v e s t i g a t e d .  

Convec t ive  flow of a non -Newton ian  f lu id  is i n v e s t i g a t e d  fo r  an  inf in i te  v e r t i c a l  p l a n a r  channe l  with i s o -  
t h e r m a l  w a i l s  having  a cons t an t  t e m p e r a t u r e  d i f f e r e n c e .  The  d i s t a n e e b e t w e e n  the wa i l s  is 2h a n d t h e  t e m p e r a -  
l u r e  d i f f e r e n c e  is 2| o. The  t h e o l o g i c a l  equa t ion  is 

Tij --  --6~jp + 1] (I + al)  n-1 elj. (1 )  

F o r  n = 1 o r  a =0 the r h e o l o g i c a I  equa t ion  of an o r d i n a r y  Newtonian f lu id  is ob ta ined ,  whi le  fo r  a--*oo a t r a n s i t i o n  
o c c u r s  to the Os twa ld  p o w e r - l a w  m o d e l .  

At  a c o n s t a n t  t e m p e r a t u r e  d i f f e r e n c e  be tw e e n  the w a i l s  a s t a t i o n a r y  p l a n e - p a r a l l e l m o t i o n  is g e n e r a t e d  in 
the  channe l  wi th  odd v e l o c i t y  p r o f i l e s .  S t a t i o n a r y  flow was  cons  i d e r e d  in d e t a i l  in [1]. In the  p r e s e n t  p a p e r  we 
i nves t i ga t e  the s t a b i l i t y  of such  flow to mono ton ie  h y d r o d y n a m i c  d i s t u r b a n c e s .  

As  is we l l  known, a v i b r a t i o n a l  i n s t a b i l i t y  to p e r t u r b a t i o n s  such  as  t r a v e l i n g  t h e r m a l  waves  is g e n e r a t e d  
ina  flow of a non -Newton i an  f lu id ,  s t a r t i n g  with  a P r a n d t l  n u m b e r  equa l  to 11 .4  ( see  [2]). With  i n c r e a s i n g  P r  
th is  i n s t a b i l i t y  b e c o m e s  m o r e  d a n g e r o u s .  The  s a m e  r e s u l t  was  q u a l i t a t i v e l y  ob ta ined  in [3] fo r  a p o w e r - l a w  
f lu id ,  w h e r e  the flow s t a b i l i t y  was  i n v e s t i g a t e d  in the e f f ec t ive  v i s c o s i t y  a p p r o x i m a t i o n  by the G a l e r k i n  m e t h o d .  

In the p r e s e n t  p a p e r  we c o n s i d e r  the s t a b i l i t y  of s t a t i o n a r y  convec t ive  flow with a l a r g e  P r a n d t l  n u m b e r  
to p l a n a r  " n o r m a l "  v e l o c i t y  and t e m p e r a t u r e  d i s t u r b a n c e s  of the f o r m  exp( - -Xt+  ikz) ,  w h e r e  k is the wave  n u m -  
b e r  in the d i r e c t i o n  of the v e r t i c a l  z ax i s  and X is the d e c r e m e n t .  An equa t ion  was  d e r i v e d  in [1] fo r  the a m p l i -  
t udes  of  n o r m a l  d i s t u r b a n c e s .  Denot ing  the a m p l i t u d e  of the p e r t u r b i n g  s t r e a m  funct ion  by ~(x) a n d t h e  a m p l i -  
tude of the t e m p e r a t u r e  p e r t u r b a t i o n  by O(x), we obta in:  

~Acl) - -  ik Gr H(I) + M ((I) TM + k4@) - -  2Nk20" -+ 2Rk2(b ' + 2 (L + R) q)'" 4- (L + R)' ((1)" + k2~) + '0" = 0, (2) 

Pr - i  A~ 4- ik Gr (To q) - -  vo(~) = - -  ~ ,  (3) 
w h e r e  H - voA - -  v 0 ; AO = (1)" - -  k20; h~(I) : ( I )  T M  - -  2k2(I)" -k k4~. 

The  fo l lowing  no ta t ion  was  u s e d  in t h e s e  equa t ions :  

A ~  1 + a  [v~[, R~- -a (n - -  1)(An-2) ' loci, 

L ~ Z ( A n - ~ )  ', M - - A  ~-~ + a ( n - -  1) A n-2 [vo], 

N ------ A " - l  - - a  (n - -  1) A n-2 }Vo[. 

The  c o o r d i n a t e  a x e s  w e r e  chosen  in such  a m a n n e r  tha t  t h e x  ax i s  is p e r p e n d i c u l a r  to the channe l  w a i l s  and  
the z ax i s  is p a r a l l e l  to t hem and p a s s e s  t h rough  the m i d d l e  of the l a y e r .  The  p r i m e  deno te s  d i f f e r e n t i a t i o n  
with  r e s p e c t  to x .  

The  fo l lowing  b o u n d a r y  cond i t ions  a r e  s a t i s f i e d  a t  the  s o l i d  i s o t h e r m a l  w a l l s  of the channe l :  

O = q ) ' = ~ = 0  for 

A l l  quan t i t i e s  in the  equa t ions  d e r i v e d a r e  d i m e n s i o n l e s s .  
p e r a t u r e  func t ions  a r e ,  r e s p e c t i v e l y ,  h, h2p/~?, pgfl| | 
a r e  the G r a s h o f  and  Vrand t l  n u m b e r s :  

x-~ -q- 1. (4) 

The  uni t s  of d i s t a n c e ,  t i m e ,  s t r e a m ,  and t e r n -  
The  d i m e n s i o n l e s s  p a r a m e t e r s  of the  p r o b l e m  

Gr = 92g~Ooh31~]z, Pr = q/~(p, 
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Fig.  1. Lower sections of the neutral  curves of vibrational in- 
stability of a s tat ionary convective flow of a non-Newtonian fluid 
at  P r  =20. The dashed line is the neu t ra leurve  for a Newtonian 
fluid. 

Fig. 2. The cr i t ical  Grashof number GricraS a function of the 
dimensionless pa ramete r  a" for  various values of n, 

where v 0 and T O are  the stat ionary veloctty and temperature  profi les.  

The boundary-value problem (2)-{4) determines  a spectrum of decrement  eigenvalues 2~ and eigenfuncttons 
@(x) and ~(x). 

For  certa  in values of the pa ramete r s  n, ~, Gr, Pr ,  and k the problem(2)-(4) was solved bythe Runge--  
Kutta methodwith stepwise orthogonalization (the method is presented in detail in [4]). The lowest branch of 
the decrement  spectrum was searched.  The cr i t ical  Grashof number as well as the phase velocity cor respond-  
ing to a neutra ld is turbance  were determined from the vanishing condition of the real  par t  of the decrement  
Re(k) =0. We thus succeeded in constructing theneutra l  curve Gr(k) for fixed values of the remaining p a r a m -  
e te r s .  

The calculations were per formed for P r  = 20. Figure I shows the neutral  curves of vibrational instability 
for severa l  values of the rheological  pa ramete r s  n and ~ .  For  comparison,  the dashed line shows the neutral  
curve of a Newtonian fluid with the corresponding Prand t lnumber .  The three lowest curves of the family co r -  
respond to a medium withpseudoplastie behav io r (n=0 .8 ) .  As seen from Fig.  1, an increase in the value of 

leads to a decrease  in the c r i t i ca lGrashof  number,  i . e . ,  to flow destabilization. The same resul t  is quali- 
tat ively obtained for monotonic hydrodynamic instability [1]. Besides,  an increase inthe ~ value leads to a 
marked  decrease  in the cr i t ical  wave number .  The upper par t  of Fig.  1 shows neutral  curves ofa dilatat[onal 
fluid (n =1.1) .  Here,  on the otherhand,  with increasing ~both the cr i t ical  Grashof number and the cr i t ical  
wave number  increase .  

To determine the limits of stability in the preceding case of large Prand t lnumbers  we apply the method 
of asymptot ic  expansions in powers ofthe smal l  parameter  Pr-1/2.  Usingthis  method, the s tabi l t tyof  several  
convective flows of a Newtonian fluid was investigated [5]. 

We introduce the s m a l l p a r a m e t e r  e =P r  -1/2 and represent  @, ,~, Gr, and k in the form of the expansions 

cI) = el)0 § e@ l -- . . . .  ~ = e~0 -- e3~ § . . . .  ~ = ~0 -- e~l -- . . . .  
(5) 

G r = e f i r ,  '-- . . .  

Substituting (5) in system (2), (3) and retaining only ze ro th -o rde r  t e rms  in e, we obtain 

M (O~o v + k'r - -  2Nk~-r + 2Rk~r + 2 (L + R) 0~o"+ (L + R)' (0~+ k~D) + ~ = 0, (6) 

ik Or, (T~ a~o-- Voeo) = - -  Z,eo. (7) 
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Fig.  3. The c r i t i ca l  Grashof  n u m b e r a s  a function of the 
p a r a m e t e r  g f o r  P r  =20 a n d n = 0 . 8  (a); n =1.1 (b). The 
solid line resu l t s  f rom the asympto t ic  method and the 
dashedl ine  f rom the method of s tepwise integrat ion of 
the amplitude equations.  

It follows f rom Eq. (7) with account of the l inear i ty  of the basic  t e m p e r a t u r e  profi le  that ~0 = r u -- v0), where 
u = k0/ik Gr 1 . Following substitution in the f i r s t  equation, we obtaina  ze ro th -o rde rbounda ry -va lue  problem for  
cl, 0 �9 

M ((Do TM + k'cD) - -  2NkZ~Do -~ 2Rk~I); + 2 (L + R) @'o"+ (L +R) '  (Oo + kZO/+ ( (Do ~ ' =  0, (8) 
U--Vo / 

O o = q ~ o = 0  for x = •  (9) 

The conjugate p rob lem is hence cons t ruc ted .  This  is done bys t anda rd  p rocedures  [2]. As a resul t ,  we obtain 
, '  

(M~) TM + Mk4~ - -  2k z (N,)" - -  2k z (R~)' - -  2 (S~)'" -~ (S ' , ) "+  te2S', - -  =0, (10) 
U - -  Z) o 

, = , ' - - = - 0  for x = •  (11) 

Here  S = L + R .  

The f i r s t - o r d e r  equation in e is the following 

M (O~ v + k+Oi) - -  2Nk~P'~ + 2Rk2r + 2S@~'" + S' (O~ ,'-- k2@) + O~ = - -  XAO o + ik Gr t HOo, (12) 

ik Grt (To Ot - -  Vo~t) + ~o@t = - -  A~o- (13) 

El iminat ing ~1, we obtain anequat ion for  the s t r e a m  ampli tude to f i r s t  order :  

M(@IV + k , 0 , ) . _ 2 N k ~ l ) ; + Z R k 2 O ; + 2 ( L + R ) r  ( O, l ' = Q ( O o )  ' (14) 
\ U--Vo / 

1 [ AO o ~_ v;Oo-72o;Oo 20 o' @o ]" 
w h e r e  Q(40) = - -  ik Grt (uAOo --/-/Co) + ik Gr----~ [ (u - -  v---o) ~ (u - -  Vo) 3 + ~-----V-~oPJ T h e  s o l v a b i l i t y  condLtton 

of inhomogeneous equation (14) is the following: 

1 

Q(Oo) ,dx = 0, (15)  
- - I  

where r is the solution of conjugate p rob lem (10), (11). An equation for  Gr t is obtained f rom this condition: 
l 

[ h O r l =  ~ , ) (18) 

where 
1 ~176 2 :+o ]+dx; 

h = (u - -  roy + (u - -  VoP + ( u - -  Vo) + 
- -1  

1 

]z = - -  .f (uAO~ HOo) ,dx .  
- - I  

Boundary-value  p rob lems  (8), (9) and (10), (11) were  integrated by the  Runge--Kut t~  method.  The e igen-  
values were  found by the chord method f rom the solutions of the conjugate p r o b l e m s .  Since the phase veloci ty 
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of the d is turbance for  la rge  P r  ls always l a r g e r  than the m a x i m u m  flow velocity,  Eqs .  (8), (10) contain no 
s ingu la r i t i e s .  

N e u t r a l c u r v e s  Grt(k ) were  calculated for  n values equal to 0.7,  0 .8 ,  0 .9,  1.05, 1.1,  1 .2,  and for var ious  
values of ~. Minimizat ion with r e s p e c t  to thewave  n u m b e r k  g ives the  c r i t i ca l  value Gr t e r .  F igure  2 shows 
the dependence of the c r i t i ca l  value Grtc  r onthe p a r a m e t e r  ~ for  var ious n. The max imum va lueof  ~ up to 
which calculat ions were  p e r f o r m e d  is 110; for  n = 1.05 this value is 150. Fo r  n< 1 there  occurs  in these l imits  
of ~ a not iceable constancy of the value G r t e r .  F o r  a dilatational fluid (n> 1) this does not occur .  Fo r  all  n 
the value of Gr t c r  tends to 590 for  ~ -*0, cor responding  to the well-known re su l t  for  a Newton[an fluid. 

The c r i t i ca l  value of the Grashof  number  in the preceding ease  of la rge  P r  is r e l a t e d t o  Grtc r by the equa-  
tion 

Grcr = [Orlcr (a, n)llVP-r. 
Thus ,  for  l a rge  P r ,  as we l l a s  in the case  of a Newton[an fluid, the square  root  law G r c r  =C/Prt/2 is sat isf ied,  
where  the coeff icient  C depends onthe rheological  p a r a m e t e r s .  As seen f rom Fig.  2, for  a pseudoplast te  fluid 
in the range of l a rge  a the coefficient  C stops being dependent on ~ and is de te rmined  by the index n only. While 
for  n = l  (aNewtonian fluid) C = 590, for  n = 0 . 9 ,  0 .8 ,  0 .7  we have C =325, 230, 130, r e spec t ive ly ,  indicating a 
significant  reduct ion ins tab i l i ty .  

It is in teres t ing to compare  the s tabi l i ty  l imi t  obtained by the asympto t ic  method with the r e su l t s  of n u m e r -  
ical  integrat ion of the total  ampli tude equations of n o r m a l d i s t u r b a n c e s .  F igure  3 shows this compar i son  for  
P r  = 20. The so l id l ine  shows the dependence G r c r  = Gr t cr/2q'~-and the dashed one is obtained f rom the cr i t ica l  
points of the neut ra l  curves  shown in Fig.  1. 

The r e su l t s  seem to be in quali tat ive a g r e e m e n t .  The quantitat ive d i f ferences  a re  re la ted  to the fact  
that  the asympto t i c  r e su l t s  a r e  used inthe r a n g e o f  quite high P r  values [5]; in this sense  P r  =20 cannot be 
cons idered to be sufficiently l a rge .  

It follows f rom the r e su l t s  of this work and of [1] that  for  a non-Newton[an fluid with a rheological  equation 
of type (1) the same  instabi l i ty  m e c h a n i s m s  of a s ta t ionary  p l ane -pa ra l l e l convee t ive  flow o c c u r a s  f o r a  New- 
ton[an fluid. The quantitat ive instabil i ty c h a r a c t e r i s t i c s  depend s t rongly onthe rheological  p a r a m e t e r s .  

NOTATION 

h, ha l f -wid thof  the layer ;  @0, half  of thewal l  t e m p e r a t u r e  difference;  ~'ij, internal  s t r e s s  tensor ;  eli,  
deformat ion  ra te  tensor ;  I =4(1/2)~ij~j[, second invariant  of the deformat ion  ra te  tensor ;  n, rheological  index 
(posit ive and integer);  a, theo logica l  p a r a m e t e r ;  ~, d imens ion less  rheologica l  p a r a m e t e r ;  ~, cons is tency coef-  
ficient;  p, p r e s s u r e ;  t, t ime; ~, t ime  decrement ;  k, wave number;  @, ampli tude of no rma l  d is turbances  of the 
s t r e a m  function; $, ampli tude of no rma l  t e m p e r a t u r e  d is turbances ;  v 0, s ta t ionary  veloci ty distr ibution; T0, 
s ta t ionary  t e m p e r a t u r e  distr ibution;  p, fluid density; g, acce le ra t ion  due to gravi ty;  fl, t e m p e r a t u r e  coeff i-  
cient  of bulk expans ion; • t h e r m a l  diffus [vity; and ~b, e [genfunction of the conjugate boundary-va lue  p rob lem.  

1. 

2. 

3. 
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